
 
From last time we have twoquestions First why is the dimension of a motive
welldefined Second howdoes it behave under We answer the 2ndfirst

Directs

PrefLet M N be motives Then if Man are evenly oddly fd then so is Modi
If MN are fd then dimmeowe dinM dimN

Proof Suppose dimM m dimN n Then we aim to show A Moon O By a
direct computation shows

Antu Mon Of NM AsN O
res
neural

by an index count An identical argument proves the converse Ma

Tensorproduct

IDefy For t a partition of n M x p m define IT M xndimorphnm

Lemmalvanishing Let qzn and 1 a partition ofq Then
1 Sym cm o X u IT M o
2 NLm O Xue to IT M O

Let T be the Young diagram according to d Define R T oesuteemE.ITeisnFoYs3

T result towns
Now define aCt IoeRc o b T Ioec signcolo T aC b l
Recallfrom RepTheory

1 cVector and Suewonnaturally Then IncaCts Sym a Symscv and
Imlb c N'v Amv

2 o T IT CCt for z c 10
3 RsnCNT is an irred Rsnmodule
4 Rsnexec Rsnqect x u
5 ex is a linear combination of the t
G ee i e em go if ut

ea else

Now we have the following theorem

IThinLetM N be fd motives Then dimM N E dimmdimm

ProofSee Murre PE

Now we have the following goal we had defined dimM dimMe t din M for
some decomposition M MetM yet we said nothingabout this decomposition
We now aim to show it's welldefined



Before we dothis however lets take a brief detour to setup some tools Recall that if
X is SmPrejIn and 2CX is a cycle then we say 2 is smash nilpotent 2 u 0 if Zhao
on for some net

Now in Motor we have Homkx.p.mil q.nD qoCorrimlX.yop and the space of
correspondences Corri XdD CdIxdxYQ extended linearly Since morphisms between motives are
themselves cycles we make the following definition

DefA morphism fM N in Motala is called smashnilpotent if for some net theassociated
correspondence is smashnilpotent w.r.tn may not bewon

This means that if tf is the correspondence for f Ix xtf oiuc cxnxy.NO This is
exactly the same as f fx xf vanishing in the nthtensorproduct of motives We
have thefollowing obvious lemma

ILemmai Let fg M N be smashnilpotent Then so are fig f g
Prout Let Tf If bethe associated correspondences Then one checks that

TttMg E nrTfrpg r

which can be made no for sufficiently largen The other is similar KB

while this result was simple the real focus of this detour is the following

Thx Let f M M be a smashnilpotent morphism in Motala Then f fo of o Thatis
smashnilpotence nilpotence

This in turn is impliedby
Pimp Let f M N in Motuck be smash nilpotent of ordern and letgi N M id n l be
morphisms Thin fog of fgof vanishes

Clearly by taking N M gi id we recoverthe theorem above so now we prove
the proposition

f f
2 0

Proof To illustrate how this is proven consider just fogof Denote their correspondences by
17Pg Then by definition if MCxp 7 and N lyq 7 f gotfop and g pongoqHence fog gottopoigogeCorr x X If we omit theprojectors for a moment and set
Tijn the projections from Xxxxxxx sij the projectionsfromXxxxx andpij projectionsfromXxxxy then
consider the cycles

x staff.SET Citrix xxighxy cC xxxxxxy
p pitif f XxTf een xxxxx

Now x Itza p Tfxxxy XxTgxy Xxxxtf tfxTf xxMyxY 0 as txt 0



Now use the projection formula 0 11,34 x it.si p Tisa x P and note that
since Tay SBxidy t.su Cx7 Iiz5CMgotf lTgoIIxY Then on Xxxxx we have

Izu d B Ingolf xY Xx171 0

finally apply Sez to the above I 34 5,3xidy to get Tforgo17 0 Me

Now let us turn back to the finite dimensionality of motives we begin with a
crucial result

Pimp Let MNbetwo fd motives ofdifferent parity Mevenly N oddly forexample andIf M N Then f is smash nilpotent f o if I dimM dimN
RootSet m dimm adimN and I man Let X µ be two partitions of I and
consider the composition

µ ld meal Not N

where d Me is the graph of the idempotent e on Xxyt Recall further that the
projectors d commute with morphisms so the map above is equal to f todiode
Since ex.eu o if X µ we see that we get

folddu 0 Atm as d ane idempotent

f d else

Hence its enough to show the above composition vanishes for Anne's and d m
Now suppose for example that Ant'm 0 any Sym N o Then the vanishing lemma
proves the claim RB

Corollary Suppose M xp.m is both evenly and oddly fd Then M 0
Proof Apply the above to p Ka

Now we can accomplish our goal
PropositionLet M xp.m Mt M be a fd motive If ME M't M of evenand
odd fd motives then M't Me and M EM

Proof Suppose we had two decompositions Write p pet p p pl Then p p't is a
projector which maps to Mt and hence ppilope is smashnilpotent but goes from
X to X so must be nilpotent Noting that psidae

pp'eope pt piope o pt p ftp pt plops
someexpression

Since piop Mt at't wemust have f Nei Me ie a section But this implies that
MI Me K and so dimMizdimMe Proving the opposite equality shows dimk o but
thisimplies that k o so we're done



SurjectionsinMot
Let us work with chow motives for now

Det Let f M N be a morphism ofmotives Then f is surjective it for all smooth projective
varieties 2 the induced map CHCMchCz CH N chczDa is surjective

Let me remind you that for ACxp.ms CHilm InCp Hitman chitmana Homma iout
1 speakid 1

Example Let ol X y be a generically finite morphism of degree r Then on motives we
have morphisms a s.to oo rid surjective

Example Consider the inverse of a blowup X E Y BlpX of a sinprey X at a point
Then CH x CH x KEI and E Imola not surjective in general dominant
morphisms are surjective butnotdominant rational maps
Lemm Let f x p.m xg n be a morphism Then TEAE
i f is surjective
i z a rightinverse she

corrocyiii g fos forsome

theoremLet f M N be a surjective morphism of motives If M is fd so is N

Prout
steps Suppose M is evenly oddly fd Then the above lemma guarantees us a rightinverse
y N M such that fog idn This induces a decomposition M N K Nand K are
evenly oddly f d

Stephwrite M Me M One needs to show existence of Newt0N such that
Mt Ne and Nl N Since the degree doesn't matter in the definition we maytake
degrees zero and regard f as a correspondence Using the above lemma andAl's
decomposition we get two endomorphisms qE N N M CX.p.co N Cygo

SteputShow that there is a polynomial Pce suchthat PCqE ane almost projectors Weset
q of or re pkg r P q1
SteplIi Show M surjects onto Yq o

This implies the following

corollary
1 If f X y is a dominantmorphism with chlx fd then chcy is also
2 M N f d M and N are fd
z a motive which is dominatedby a morphism from a finiteprod of came is µ a part.ae
the motive of an abelian variety is fd
4 Every summand of a tensor product ofcurves is fd They form a full tensor subcategory



Now we have the following theorem

Thin Let atcx.p.cn and F M M be a morphism of Chow motives Assume M
is evenly oddly finitedimensional We have
1 There exists a nonzero polynomial gthe QUT of degree n l withgcf o
2 If f numb then gCt t

Proof omitted

ApplicationsandconjectuI

We have functors Motru Motion Motuum taking IXp.m XPum m
X Prum m The first functor is not fullyfaithful as if Zezicx is

a cycle then 2 is given by a morphism f M If Z dratO but
2n'uomo then this is an example Explicitly on an elliptic curve E Z a b
is not rationally zero but is algebraically hence homologically zero

IDefyLet M be a chow motive and Mum be it's image in Motion If
Miran 0 yet M 0 we say M is a phantom motive

Thin If M is a f d chowmotive it is not a phantom motive

Root Suppose it was Then Puan o which implies puum o Since M Mt Nl
p p p are each numericallytrivial so p o p o hence M o

Recall that if H Cm o then H swim A Hcm hence Hswim 0 if u dimHead and
if Hcan0 then HCrim NHCan henceHCann o if n dimHcm

Corollary If M is a fd motive dimM dimHcm

Proofs Its enoughto see it for M evenly fd so set a dirndl and note that
since NM 10 H NM 10 Indeed motiviccohomology is defined via the image of the
projector hence nonzero The above remarks show dimMzdimHcm dim14cm and
HeNm AHelm so dimHelm zdirndl This shows equality Ka

lconjectunelkimura.osulh.ve Every Chew motive is fd

fcmjectweNCA.nl The ideal Jm_kerfEndratM EudnumcarD is nilpotentresp a
nilideal everyelement is nilpotent

Thin Kimura O'Sullivan NCM no phantommotives

proof non
It is a Vcommutative algebra fact that if a nilideal has the order of nilpotencyunit
bounded then it is nilpotent Now let f be an endomorphism of a fd motive which
is numerically trivial We aim to show its nilpotent



We have f peep ofo peep ft f t fmix fmix doesnotpreserveparity 7 0
r independent of f Then expanding f we get as an average monomial

fE'of i o of iof ie l t ther l

Since f hence f are numerically trivial gives ft O Then f o for niers

Now recallthat Voevadsky's conjecture asks whether a numerically trivial f M M
is smash nilpotent note this implies actual nilpotened We claim this implies KimuraOsullivan
Indeed Voeuodsky implies Dad mommum but Dan ACYL If this holds for all

we get BCM can But Voeuodsky bydef implies N x and DX implies SCx
thesign conjecture we skipped It is now a theorem of Janusen that this gives chcx
fd for all X


